Plug-in electric vehicles (PEVs) will soon be connected to residential distribution networks in high quantities and will add to the already overburdened residential feeders. However, as the battery technology improves, PEVs will also be able to support networks as small distributed generation units by transferring the energy stored in their battery into grid. Even though the increase in the PEV connection is gradual, their connection points and charging/discharging levels are random. Therefore, such single-phase bi-directional power flow can have adverse effect on the voltage unbalance of a three-phase distribution network. In this paper, a voltage unbalance sensitivity analysis based on charging/discharging levels and the connection point of PEVs in a residential low voltage distribution network is presented. Due to many uncertainties in PEVs ratings and connection points and the network load, a Monte Carlo based stochastic analysis is developed to predict the voltage unbalance in the network in the presence of PEVs. A failure index is introduced to demonstrate the probability of non-standard voltage unbalance in the network due to PEVs.
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II. Voltage Unbalance
VU in three-phase systems is a condition in which the three phase voltages differ in magnitude and/or do not have normal 120 degree phase differences. References [16] [17] [18] [19] (1) where V -and V + are the negative and positive sequences of the line voltage, respectively. According to [19] , the allowable limit for VU is limited to 2% in LV networks. Engineering Recommendation P29
in UK not only limits VU of the network to 2%, but also limits the VU to 1.3% at the load point [20] .
In this paper, we assume 2% as the standard limit.
References [19] [20] indicate that VU is to be calculated from network line voltages in 10 minute time intervals where only the data with confidence level of 95% are to be used in this calculation. This time and confidence level based calculation method is to remove the load transient and intermittency effects from VU calculation since VU in general represents the steady-state condition of the network.
III. Network Modeling and Analysis
A typical radial LV residential urban distribution feeder is considered in this paper, with the single line diagram shown in Fig. 1a . For analyzing this network, the neutral conductor that creates a path for the return current is taken into consideration and the analysis is based on the mutual effect of the three phases. It is to be noted that since IEEE standard test feeders are generally designed for medium voltage distribution and transmission networks, the network of Fig. 1a is used in this study which has a better representation of a typical LV network.
As discussed in Section II, since VU is in general a steady-state parameter of the network and is be measured at 10 minute time intervals, the transient and intermittent characteristic of PEVs and loads are not of interest in VU studies and are not considered in the reset of this research. Thereupon, the PEVs are assumed as constant current load in G2V mode and for V2G mode, they are assumed to be Page 5 battery storage devices with constant output power. The schematic diagrams of the PEV in these two modes are shown in Figs. 1b & 1c.
A. Load Flow Analysis
For calculating the VU, it is necessary that the network to be analysed and the voltages at the desired nodes to be calculated. Based 
where Z f is the feeder impedance between two adjacent nodes in phase lines, V A,i, (i = 1, …, n) is the single-phase voltage of the i th node of phase A, Z A,L,k is the load impedance connected to k th node of phase A and V N,k is the voltage of the neutral wire connected to k th node. In (2),  1 = -1 when a PEV, running in G2V mode, is connected to k th node of phase A, otherwise, it is zero. Also,  2 = +1 when a PEV, running in V2G mode, is connected to k th node of phase A, otherwise, it is zero. In G2V mode, I A,PEV,k is the charging level of the PEV connected to that node. In V2G mode, V A,PEV,k and X A,PEV,k are the PEV converter output voltage and impedance connected to that node. Similar KCL equations will be considered for phases B and C and the neutral wire.
From Fig. 1c , for PEV in V2G mode, we have
, cos (4) where P PEV,k and Q PEV,k are respectively the active and reactive power output of the PEV connected to k th node. Assuming P PEV,k and Q PEV,k to be constant and |V k | and  k are known, |V PEV,k | and  PEV,k can be calculated. In this analysis, it is assumed that Q PEV,k = 0 and PEV only injects active power into grid.
To calculate V k from (2)-(4), a sweep forward-backward based iterative method [21] [22] is used to perform the load flow analysis in the considered radial network of Fig. 1a . For this, starting with a set of initial values, the entire network is solved to determine V k . Once the solution converges, the Page 6 sequence components are calculated. These sequence components are later used for VU calculation as in (1).
B. Sensitivity Analysis
The voltage at any node can be considered as a function of PEV location and charging/discharging capacity. Using the load flow method described above, the voltages at each node are calculated iteratively. Once the iterations converge, the voltage unbalance sensitivity is calculated numerically as
where  = 1 for the analysis in G2V mode and is equal to zero for the analysis in V2G mode. In (5),  defines the charging and discharging capacity of PEV. For G2V mode, 0 ≤  ≤ 2 represents the three charging levels of 10, 15 and 20 A. For V2G mode, 0 ≤  ≤ 4 represents the output active power of PEVs (i.e. 1, 2, 3, 4, 5 kW).
C. Stochastic Analysis
The load demand in residential distribution networks varies within the 24-hour daily time period. This variation is random and different for all the customers in the network. In addition, it is expected that the PEV power consumption or generation levels to be different for different owners. In addition to these issues, random connection points of PEVs, their nominal charging/discharging capacities, their operation durations and different driving patterns of owners increase the uncertainties in the network.
For investigating the uncertainty effects on the network VU, a Monte Carlo based stochastic analysis is carried out. The considered uncertainties in this research are: PEV penetration level, charging and discharging capacity, connection points along the feeder on all phases and the residential load demand. The flowchart of the Monte Carlo method used in this study is shown in Fig. 2 .
It is to be noted that driving pattern can be another parameter to be considered when investigating medium voltage distribution network which supplies the loads in a large area. Driving pattern generally demonstrates the location in which PEVs are parked during the 24-hr period (i.e. home, parking lot, store/shopping center parking, employer's parking) and the parking duration [2] . This parking location and duration is to be used for determining where and how long the PEVs are in charge/discharge mode at different time of the day. The higher the number of PEVs parked in an area, the higher probability of power quality problems such as non-standard VU in the feeder supplying them. However, this parameter is not considered in the stochastic analysis in this paper as this paper focuses only on one LV residential network.
For reducing and eliminating the non-desired combinations of the input parameters for the stochastic analysis, a Time parameter is considered which represents the time of the analysis over the 24-hr period and is normalized in [0 1] range. Time is utilised to select correlated random numbers among load demand and as well as the operation mode (i.e. G2V and V2G) of PEVs while the PEV number and location parameters are considered independent from the Time Parameter.
The study is carried out for G2V and V2G modes separately. In this study, first it is assumed the PEVs have equal probability of 33% each for 10, 15 and 20 A charging levels in G2V mode. For V2G mode, it is assumed that PEVs have equal probability of 20% each for 1, 2, 3, 4 and 5 kW output active power being fed into grid. As mentioned earlier, this will be the scenario in the future distribution networks where a central controller will control the output power of the PEVs in V2G
mode. In such a scenario, it is probable that PEVs within a network to have different discharge level due to the network electrical parameters which are monitored and controlled by the smart grid central controller. That is why a uniform distribution of PEVs discharging levels is considered in this study.
Similar to G2V mode, the random number U 1 distributed uniformly under [0, 1] is used for selecting the PEVs discharging level in this mode. Therefore, it is assumed that
However, later in the paper, some cases are also considered with normal distribution of discharge levels for the PEVs to investigate the effect of such cases.
The network load demand is chosen by random number U 2 which is defined from the Time parameter. A bottom-up residential load demand modelling was developed in [23] where each residential electric appliance was modelled in detail. A normal distribution function with a selected average and variance was used to define the electric power consumption of each appliance. In addition, a similar normal distribution was utilized to define the operation starting time of each electric appliance, operation duration and frequency of operation of each device in each house separately. The total load demand of a house was later calculated by adding all the electric power consumptions of the appliances in that house in that time of the day. In this paper, the data of the developed residential load modelling in [23] is utilised to define the electric power consumption of each house at that specific 
Page 9 The standard deviation (STD) of VU at the studied nodes (i.e. beginning or end of feeder) is also calculated as
The stopping rule of the Monte Carlo method is chosen based on achieving an acceptable convergence for VU and STD(VU j ). For this, the Monte Carlo simulation is deemed to have converged when a confidence degree of 95% is achieved. However, a minimum of N = 10,000 trials was also utilized to avoid premature convergence.
It is to be noted that Monte Carlo simulation might have a huge computational complexity depending on the problem it is used for. The computation efficacy can be significantly improved by developing a better simulation algorithm to minimize execution time and the unrequired storage data [14] [15] . Further computation efficacy can be achieved if the desired value in the output of a Monte
Carlo method is achieved in fewer trials while fulfilling the desired confidence level. For this, a proper variance reduction method is required. In this research, as the simulation time was reasonable and the results could fulfil the desired confidence level, no variance reduction method was utilised.
The VU results as the output of the Monte Carlo simulations are used to calculate the Probability Density Function (PDF) and the average (mean value) of all VUs which is shown as λ in the paper.
IV. Numerical Results
Let us assume one 11 kV overhead line is feeding several 11kV/400V distribution transformers. One distribution transformer is selected for the rest of the study and the other transformers are modelled as a lumped load of the 11 kV network. It is assumed that the total electric demand of the 11 kV network Table   VIII in the Appendix.
As discussed in Section III(C), a bottom-up residential load modelling was developed in [23] for all different types of residential electrical appliances including PEVs. The data of PEVs developed in [23] is utilised in this paper where each PEV has a random starting time generated by normal distribution functions. This starting time represents the time when the customers arrive home. The PEVs are in charging mode, until the battery is fully charged or the customer departs (whichever occurs first). The
PEVs are assumed to have a constant charging level (from Australian standard 10, 15 and 20 A residential outlets) in G2V mode. They also have a constant output power (of 1-5 kW) in V2G mode when parked at home during the day. The charging/discharging levels have the distributions as described in Section III(C) [7] . Average driving distance of 50 km/day with an economy of 20 kWh/100 km, charge/discharge efficiency of 90% and minimum state of charge of 20% for the PEV batteries along with the selected charging/discharging level were considered in calculating the operation duration of PEVs in G2V and V2G modes. It is to be noted that, a more accurate and detailed modelling of PEVs can be carried out using the historical data from driving surveys and traffic data. However, as discussed in [1] [2] , instead of the historical traffic data, the average driving distance is used in this research to calculate the energy depletion of a PEV battery after daily driving.
More details on the PEVs modelling are given in [23] .
In this study, a 10 and 30% penetration level of PEVs for short-term and 50% penetration level for long-term is considered [4] [5] . It is to be noted that even in the case of short-term small penetration level, high localized concentrations of PEVs are possible.
Let us assume that during the period of study, the loads of phases A, B and C are 60, 120 and 180 kW, respectively. In the network under consideration, the voltage amplitude at the beginning of the feeder is 0.98, 0.97 and 0.96 pu for phases A, B and C, respectively. These values decrease to 0.95, 0.93 and 0.90 pu at the end of the feeder, respectively. Therefore, VU at the beginning of the feeder has increased from 0.88 to 1.84% at the end. In the rest of this paper, VU is always monitored at the feeder end nodes as these nodes have a higher probability of observing non-standard VU.
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Several studies are performed, some of which discussed below. These studies are carried out for G2V and V2G modes in two separate scenarios as their timings are different.
A. Sensitivity analysis of a single PEV on VU
The VU profile variation in a feeder as the result of one PEV connection will depend on the total load of the phase in which it is connected, PEV's operation mode and the point at which it is connected.
In G2V mode, it is expected that the voltage amplitude and profile will be reduced in the phase which the PEV is connected to. Let us consider a PEV with 10 A and 20 A charging levels is connected to the beginning and end of a feeder. In Fig. 3a , the voltage profile of phase A is shown. As expected, the voltage amplitude decreases when the PEV is connected and the impact is more when it is connected at the end of the feeder and when its charging level is higher.
In G2V mode, the connection of a PEV in a low load phase (phase A in this case) results in the reduction in voltage difference and hence VU at the end of the feeder decreases while having minor effect at the beginning of the feeder. This VU reduction is more if PEV is connected to the far end nodes of the feeder or if the charging level of PEV is higher. The sensitivity analysis of VU (calculated at the end of the feeder), versus the location and charging level of one PEV in G2V mode, connected to low load phase A, is shown in Fig. 3b .
For V2G mode, it is expected that the voltage amplitude and profile will be increased in the phase which the PEV is connected to. Therefore a PEV running in V2G mode, when connected to a low load phase, will result in increasing the VU. Again, the impact is more when the PEV output power is higher or when it is connected to the far end nodes of the feeder. The sensitivity analysis of VU (calculated at the end of the feeder), versus the location and output power of one PEV in V2G mode, connected to low load phase A, is shown in Fig. 3c .
In the above-mentioned study cases, the VU of 1.84% in the case of no PEVs increases to 1.96% (i.e. a 6.3% rise) when a PEV with charging level of 20 A is connected to the low load phase at the end of feeder. The VU of 1.96% at the end of the feeder is not significant since it still is within the standard limit. However, this may not be true when more than one PEV is connected to the network.
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Similarly, it can be shown that when the PEV is connected to highly loaded phase (phase C), in G2V mode, the voltage difference between the phases increases. This increase is more if the PEV is connected to the far end nodes of the feeder or if it has a higher charging level. However, in V2G mode, the voltage difference between the phases decreases. This decrease is more if the PEV is connected to the far end nodes of the feeder or if it has a higher output power.
B. Sensitivity analysis of multiple PEV on VU
In this part, it is assumed that several PEVs are connected to only one phase of the network. Note that there are three feeders and the PEVs will be connected to only the low load phase (A) in each of these feeders. Form Fig. 4a , it can be seen that VU in Feeder-1 rises rapidly as the PEVs working in V2G mode are added. However, adding PEVs in the other two feeders does not cause a significant increase in the VU in Feeder-1. Also it can be seen that VU increases with the output power of the PEVs. Moreover, note that VU at the beginning of the feeder does not change much. The same study is carried out for highly loaded phase (C) and the results are shown in Fig. 4c & 4d .
Form Fig. 4c , it can be seen that VU in Feeder-1 decreases rapidly as the PEVs working in V2G mode are added. However, adding PEVs in the other two feeders will lead to an increase in voltage profile of phase C and after a point, the VU will start to increase. This increase is more obvious for PEVs with Page 13 higher output power (i.e. 4 and 5 kW PEVs). However, the VU at the beginning of the feeder decreases slightly while all the PEVs are being added. Another study is performed to find out the effects of number of PEVs connected to one phase on VU, while their total power consumption (in G2V mode) or power injection (in V2G mode) remains constant. This study is carried out for either at 10 kW or 20 kW total power injection in V2G mode and total power consumption of 100 A in G2V mode, when the PEVs are connected to low load phase
A.
The numerical results are shown in Table I and II for V2G and G2V modes, respectively. The results highlight the importance of the location of PEV connection on VU.
For example, if 2×5 kW PEVs in V2G mode are connected to nodes 1, 10 or 2, 10 or 5, 10 of phase A, they will result in different values of VU. Now, if the PEVs are chosen 5×2 kW, the VU might have increased or decreased compared to the previous situation. Therefore, making a general conclusion about VU for different numbers of PEVs in V2G mode on one phase but with constant total injected power seems to be impossible without taking into account their locations. Hence, from Table I , it can be concluded that the VU is greater if PEVs with constant total power injection are installed at the end of the feeder comparing to when installed at the beginning. Similar discussion can be carried out for PEVs in G2V mode. In this case, it can be concluded that VU is greater if PEVs with higher charging levels are connected to the end of the feeder comparing to when installed at the beginning.
C. Stochastic Analysis of VU
A stochastic analysis is carried out for investigating the uncertainties in the network based on the explanation in Section III. A sample result for VU calculated at the beginning and the end of the feeder for a 30% penetration level of PEVs working in G2V mode is shown in Fig. 5a . From this figure, it can be seen that VU calculated at the beginning of the feeder always remain less than 1.2%.
However, VU at the end of the feeder varies between 1.2% and 2.6%. The PDF of VU for the 30% penetration level of PEVs in G2V mode is shown in Fig. 5b . In this case, λ = 0.95% at the beginning of the feeder and λ = 1.89% at the end of the feeder.
From Fig. 5b , it can be seen that, there is a high probability that the VU at the end of the feeder to be more than the 2% standard limit. This probability, which shows the frequency of the cases in the shaded area, is referred to as the Failure Index and is calculated by F I % = Shaded Area × 100. While F I of VU is zero at the beginning of the feeder, it is about 34.1% at the end of the feeder.
This study is carried out for different penetration levels of PEVs in both G2V and V2G modes. The λ at the beginning and end of the feeder and F I results of this study is given in Table III . From the data in Table III , it can be seen that as the PEV penetration level increases from 0 to 50%, the probability of non-standard VU at the end of the feeder increases from 0 to 36.5% for G2V mode and from 0 to 28% for V2G mode.
The customer load consumption is time variant. It is expected that in some periods of the day, the loads in three phases of the network are highly unbalanced or to be almost balanced. Therefore, the residential loads also have an effect on the VU. This phenomenon is included as the fourth uncertainty condition for Monte Carlo method. The results of this analysis are given in Table IV for different load consumption levels in the network assuming a constant level of 30% for PEV penetration. It can be seen that when the loads are almost balanced, λ and F I decrease while they increase if the loads are highly unbalanced in the network.
In Section III(B), the connection effect of a single PEV on VU, when connected to beginning or end of a feeder, was demonstrated through the sensitivity analysis. In the previous stochastic studies, it was assumed the PEVs were distributed randomly along the feeder with a uniform distribution as discussed in Section III(C). However, there might be scenarios where majority of the PEVs are connected to the beginning or to the end of a feeder. For this, another Monte Carlo study is carried out where a normal distribution of PEVs connection points along the feeder is utilised instead of the previous uniform distribution. The normal distribution function is adjusted such that three different scenarios with majority of PEVs connections points in beginning, middle and end of the feeder are populated for a 30% penetration level of PEVs. The results of this study are given in Table V . From this table, it can be seen that when majority of PEVs are connected to end nodes of the feeder, the failure index is Page 15
relatively large (i.e. 54.6% in V2G mode and 32% in G2V mode) compared to when majority of PEVs are connected to the feeder beginning nodes where this figure is relatively small (i.e. 5.5% in V2G mode and 12.2% in G2V mode).
In all previous study cases, it was assumed that charge and discharge capacities of PEVs have a uniform distribution. However, it is also possible that majority of the PEVs in a network, at any specific time, operate with a similar charge or discharge capacity. For analysing such cases, another case study is carried out where the uniform distribution of charge/discharge capacities is replaced with a normal distribution on each level of charge/discharge capacity of PEVs in the network. The results of this analysis, for a 30% penetration level of PEVs, are given in Table VI . From this table, it can be seen that when majority of PEVs operate in higher charge/discharge levels, λ is left constant; however, F I increases gradually from 31.3 to 38.3% in G2V mode and from 14.9 to 30.1% in V2G mode as the charge/discharge capacity is increased from 10 to 20 A in G2V and from 1 to5 kW in V2G modes, respectively.
V. IMPROVEMENT METHODS
Based on the numerical and stochastic results of Section IV, it can be concluded that for the network under consideration, VU at the beginning of the feeder, regardless of the location, number and charging/discharging capacity of the connected PEVs, is likely to be less than 1.2%. However, the VU at the end of the feeder can be more than 2% standard limit for 34.1% of the cases. Therefore, investigating the VU reduction methods seems to be essential.
The VU reduction methods can be divided into longer-term and shorter-term improvement methods. The most effective method of VU reduction due to PEVs effects is utilising a centralised coordinated operation of PEVs [7, 9, 24] . In this method, a central controller within the network can be developed such that it optimises the operation time and level of PEVs within the network for voltage profile improvement. Another effective VU reduction method is developing a decentralised coordinated operation for PEVs using minimal communications and the local controller installed at each PEV [25] . In [25] , it was shown that the PEVs operation can be coordinated such that the VU is minimised to zero in real-time. Although these methods can utilise optimisation techniques, load
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forecasting and electricity market data; they are based on the availability of central or local controllers in the network, smart meters, communication facilities, etc. which are costly and can be considered in the longer-term planning of the distribution networks.
For the short-term planning of the network, the following five VU reduction methods can be considered [26] [27] [28] where the efficacy of these methods are studied and discussed below:
(1) Increasing feeder cross-section: This will result in reducing the voltage drop along the feeder and therefore, there will be little difference among the voltage amplitude of three phases of a feeder at the end. To verify the efficacy of these methods, another set of stochastic studies are carried out assuming a 30% penetration level for PEVs and the results are given in Table VII . In this, the nominal case indicates when the feeder cross-section is 70 mm 2 and no capacitors are installed in the system. For method (1) mentioned above, the feeder cross-section is increased to 95 mm 2 . In this case, the F I reduces to 34.1 to 7.7% in G2V mode and from 26 to 0.5% in V2G mode. For method (2), a 15 kVAr capacitor is installed at the 2/3 rd distance from the beginning of the feeder. In this case, the F I reduces to 0.4% in G2V mode and to zero in V2G mode. For method (3), feeder cross-section has been increased to 95 mm 2 and a 15 kVAr capacitor is installed at the 2/3 rd distance from the beginning of the feeder. In this case, the F I is zero in both modes. For method (4), a 15 kVA DSTATCOM is connected in parallel to the 2/3 rd distance of feeder beginning. The DSTATCOM is intended to fix the Page 17
voltage of its point of common coupling to a desired value of 0.98 pu by injecting a required amount of reactive power. In this method, the F I reduces to zero in both modes. For method (5), a 3 kVA DVR is connected in series to the 1/3 rd distance of feeder beginning. The DVR fixes the voltage of its downstream side to a desired value of 0.98 pu by adding a small amount of voltage in series with the LV feeder. In this method, the F I reduces to zero in both modes. The numerical results are given in Table VII and prove the efficacy of the discussed improvement methods.
Although the costs related to options (1)- (3) for upgrading the feeder conductors or installing low voltage pad mounted capacitors are quite available for different ratings, however as DSTATCOMs and DVRs are not commonly used by utilities in distribution networks, therefore they are not available in large quantities in market in different ratings and their costs can vary depending on the manufacturer and time of order. Therefore, an economic feasibility analysis is not carried out for the discussed improvement methods.
VI. CONCLUSIONS
In this paper, VU sensitivity and stochastic analyses were carried out to investigate the effects of PEVs' G2V and V2G operation modes and their connection points on VU of a LV residential feeder supplying the PEVs. Through the studies, it was demonstrated that PEVs have minor effect on VU at the beginning of the feeder. However, it was shown that VU might increase at the end of the feeder to more than the standard limit if PEVs, connected to low load phase of the system, are operating in V2G mode especially when they are located at feeder end nodes or when they have higher discharge capacities. Similar results are expected for PEVs when connected to a highly loaded phase and operating in G2V mode with higher charging levels. The failure index, which demonstrates the probability of non-standard VU in the network defined through the stochastic analysis, can increase up to 36.5% depending on the residential load demand and the operation mode, penetration level and connection points of PEVs. The failure index was found to be relatively large when majority of PEVs are located at feeder far end nodes (i.e. 54.6% in V2G mode and 32% in G2V mode) compared to when majority of PEVs are located at feeder beginning nodes (i.e. 5.5% in V2G mode and 12.2% in G2V mode). In addition, it was shown that as PEVs penetration level increases from 10 to 50% in the Page 18 network, the failure index increases (from 15.9 to 28% in V2G mode and from 27.1 to 36.5% in G2V mode). The developed stochastic analysis tool was later utilised to verify the efficacy of VU reduction improvement methods such as installation of DSATCTOM or DVR, upgrading feeder cross section and installation of pad mounted switched capacitors and it was seen that the failure index can be reduced effectively when applying the discussed improvement methods.
APPENDIX
The technical data of the network under consideration in Section IV is given in Table VIII . PEV Operation Mode G2V V2G G2V V2G G2V V2G G2V V2G G2V V2G G2V V2G 
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